Using Polyakov's approach we propose an ansatz and find a closed equation for the probability density function of the compressible turbulent flow in the limit of high Mach numbers. Also, we derive the exponents of two-point density correlators and the longitudinal velocity structure functions in arbitrary dimensions. We observe that these exponents depend linearly on the dimension.
I. INTRODUCTION
Recently tremendous activity has emerged on the non-perturbative understanding of turbulence. Originally, Polyakov [1] offered a field theoretical method to derive the probability distribution or density of states in (1 + 1) dimensions in the problem of randomly driven Burgers equation [2] [3] [4] [5] [6] [7] . In one dimension turbulence without pressure is described by Burgers equation. In the limit of high Reynolds numbers, using the operator product expansion (OPE), Polyakov reduces the problem of computation of correlation functions in the inertial subrange to the solution of a certain partial differential equation [2, 3, 7] . The original attempt on d-dimensional turbulence was made as an expansion with 1/d as a small parameter [8] . More recently, generalizing Polyakov's non-perturbative approach, it was shown that in the limit d → ∞ Kolmogorov scaling is an exact solution of the incompressible NavierStokes equations and the pressure contribution to the equations are responsible for a clear distinction between the Navier-Stokes and Burgers dynamics [9] . This method has been recently extended to 2 and 3 dimensions for the compressible flows and the exponents have been derived exactly [10, 11] .
The striking feature of developed tubulence is its intermittent spatial and temporal behavior. The structures which arise in a random flow manifest themselves as high peaks at random places and random times. The intervals between them are charactrized by a low intensity and long durations. Rare high peaks are responsible for the probability density function of velocity difference (PDF) tails, while the regions of low intensity contribute to the PDF near zero. Analytically the following properties manifest themselves in the non-linear behavior of the scaling exponents in the velocity difference structure functions, (transverse and longitudinal) S n (r), that is < |u(x + r) − u(x)| n >. It is known that S n (r) behaves as r ξn , where ξ n is a nontrivial function of n. This behavior leads to strongly non-Gaussian (intermittent) probability density function of velocity difference [12] . Recently from detailed analysis of exprimental data of a turbulent jet, a phenomenological description of the statistical properties of a turbulent cascade using the Fokker-Planck equation is given [13] . Following the recent progresses in applying the field theoretical concepts and techniques in the description of longitudinal structure functions in fully developed turbulence, [9, 14] , a theoretical basis for these phenomenological theories have been given [15] . Consequently the necessary condition for Markovian property of the velocity increments in scale was proved, and the basic Kolmogorov idealogy for turbulence cascade and its relationship to the PDF deformation in scale was verified (see [10] for more details).
In this paper we consider arbitrary-dimensional isotropic supersonic turbulence for compressible flows, which is described by the Navier-Stokes equations when the pressure gradient is negligible. We derive the Polyakov's master equation in higher dimensions and propose an ansatz in arbitrary dimensions. Using positivity condition of the PDF of velocity difference, we derive the exact exponents of two-point density correlation functions. Also, we derive a complete equation for PDF of the longitudinal velocity difference and the exact value of intermittency exponents in the longitudinal structure functions.
II. POLYAKOV'S MASTER EQUATION
Our starting point is the Navier-Stokes equations:
for Eulerian velocity u(x, t) and pressure p with viscosity ν and density ρ, in d dimensions.
The force f(x, t) is the external stirring force, which injects energy into the system on a length scale L. More specifically, one can take, for instance a Gaussian distributed random force, which is identified by its two moments:
where µ, ν = 1, 2, . . . , d. The correlation function k µν (r) is normalized to unity at the origion and decays rapidly where r becomes larger or equal to the integral length scale L.
The quantity k(0) measures the energy injected into the turbulent fluid per unit time and unit volume.
In general, equations (1) and (2) exhibit two types of non-linear interactions. Both are hidden in the non-linear term (u · ∇)u. The advective term couples any given scale of motion to all the large scales, and the large scales contain most of the energy of flow. This means that the large-scale fluctuations of turbulence production in the energy-containing range are coupled to the small-scale dynamics of turbulent flow. In other words, the details of the large-scale mechanisms for turbulence production are important, leading to the nonuniversality of the probability distribution function (PDF) of velocity difference. The second type of non-linearity for incompressible fluid belongs to the pressure term. The gradient of pressure is dimensionally the same as (u · ∇)u, and therefore the fluctuations in the pressure are quadratic in the velocity. On the other hand, for such flows the pressure at any given point is determined by the velocity field everywhere. This is known as the non-locality of interaction in r-space [16] . Physically this stems from the fact that for incompressible limit of the Navier-Stokes equations, sound speed is infinite and thus the velocity fluctuations at all distant points are instantaneously coupled to each other. In the situation that the density satisfies the continuity equation, the fluctuations in the pressure are not coupled to all distant pionts instantanously and propagate with the velocity of sound c s . The supersonic turbulence is definded in the situations that u rms >> c s (high Mach numbers) [17] . In these circumstances pressure term can be ignored in the Navier-Stokes equations.
The problem is to understand the statistical properties of the velocity and density fields which are the solutions of equations (1) and (2) when the pressure gradient is negligible. Following Polyakov, we consider the following two-point generating functional [1] :
where the symbol . . . means an average over various realization of the random force. Now one can show that F 2 satisfies the following equation:
where the first two terms on the left-hand side of equation (5) come from the terms on the left-hand side of equations (1) and (2), and the third is the contribution of forcing term, in which we have used Novikov's theorem [18] . Also, D 2 -term is the contribution of dissipation. D 2 is the anomaly term and has the following form [1] :
It is noted that although the advection contribution are accurately accounted for in this equation, it is not closed due to the dissipation term. Our aim now is to extend the assumptions of operator product expansion (OPE), Galilean and scaling invariance introduced in [1, 3] to take into account this term in d dimensions. First we note that the OPE should be invariant under the rescaling of density, that is ρ → αρ. Also the basic equations are Galilean invariant. On the other hand, final experssion for D 2 must contain the ultraviolate finite operators ∇u, ρ and exp(λ · u). The only finite combination satisfying the rescaling ρ → αρ is ρexp(λ · u) (see [3] for more details). Therefore D 2 -term has the following structure:
where a is generally a function of λ 1 and λ 2 .
III. TWO-POINT DENSITY CORRELATORS EXPONENTS
Now we suppose that the stirring correlation function has the following form:
with k(0) and L = 1, and we change the variables as
. By the Galilean invariance and the spatial homogeneity assumptions the variables x + and λ + can be set to zero. It is found from the equation (5) that in the stationary state we have:
where we have used x and λ instead of x − and λ − for simplification. Also, because of isotropyF 2 can depend only on the absolute values of vectors x and λ and the angle θ between them asF 2 =F 2 (r, ρ ′ , s) where r = |x|, ρ ′ = |λ| and s = cosθ = ( x µ λ µ )/rρ ′ . Using spherical coordinates (r, ρ ′ , s) it can be shown thatF 2 satisfies the following closed equation for homogeneous and isotropic turbulence:
The ρ ′ dependence of the a(ρ ′ ) anomaly must be chosen to conform the scaling and can be changed depending on the scaling properties of the force correlation function. If we consider the universal scale-invariant solution of equation (10) in the following form:
where α d is the exponent of two-point density correlation function, then for a general stirring correlation function k µν ∼(1 − r ζ ), a must depend on ρ ′ as a 0 ρ ′σ , where σ =
2−ζ 1+ζ
and also δ = . It is evident that for our case (ζ = 2) a is independent of ρ ′ and δ = 1. Indeed, we suppose that two-point density correlation function exists, and thereforeF (ρ ′ r δ ) tends to a constant in the limit of ρ ′ → 0. The unknown parameter a 0 should be determined from the main requirments that the probability density function, which is the invers Laplace transform ofF , be positive, finite and normalizable. To find it we note that for isotropic turbulence one expects that u s = 0, in which u = u(x 1 ) − u(x 2 ). In arbitrary dimensions, u s can be written in terms of the invers Laplace transform of velocity difference generating function,
, where s is the unit vector in the direction s, z = rρ ′ and u ′ is the Laplace conjugate of z. Also using equations (10) and (11) one can show thatF (z, s) has the important property thatF (z, s) =F (−z, −s), which is in accord with the symmetry properties of the Navier-Stokes equation. Now it is easy to show from equation (10) that considering the physical solution in which u s is zero, we have to consider the case a 0 = 0 (see Appendix). However for different types of correlations of the stirring force, e.g. k µν ∼(1 − r ζ ) with ζ = 2, we have to assume non-zero a 0 [2] . Now we take the following ansatz forF (rρ ′ = z, s) = exp(z γ f (s)) (see [14] and references therein). PluggingF (z, s) into equation (10) gives γ = 3 2 and f (s) satisfy the following equations:
Also from equation (12), one can derive the following initial condition for f (s), f (1) =
, where we have used positivity condition of PDF for velocity difference to eliminate the negative value obtained for f ′ (1). It is interesting to note that the equation governing f (s), i. e. equation (12) , is the same equation which is found in the instanton approach [19] . Using equation (13) and the boundary conditions on f (s), we find the exponent of two-point density correlation function as:
IV. A COMPLETE EQUATION FOR THE PROBABILITY DISTRIBUTION FUNCTION: THE INTERMITTENCY EXPONENTS
Now, using the ansatz (11) and invers Laplace transform of equation (10), one can show that the PDF in d dimensions satisfies the following equation:
where u is the Laplace conjugate of ρ ′ and clearly is the velocity difference field of flow. To derive the statistics of small-scales in the inertial range we ignore the forcing term that is the last term in equation (14) . This term is of order of r 2 L 2 so in the inertial range we can safely drop it. In the limits s → 1 and s → 0 equation (14) governs the PDF of longitudinal and transvers velocity difference, respectively. Now, using the equation of generating function of velocity differences one can see that [10] for s → 1 the longitudinal structure functions satisfy S n (r, s) → s n S n (r). The proposed form for structure functions dictate that in the limit s→1 the probability density of longitudinal velocity increments satisfies the scaling form P (r, u, s)→ ) in a sufficient way. It is clear that when s→1, P (r, u) = P (−r, −u) and it satisfies the following equation in arbitrary dimensions:
in which B approaches zero as (1 − s 2 ). It is easy to see that equation (15) gives the scaling behavior of S n (r) as r ξn with ξ n = α d − (d − 1). As seen the exponents for the intermittency of supersonic compressible turbulence is very similar to the Burgers intemittency in spite of the fact that the local mass conservation has been added to the dynamical equation. It seems that the effect of adding this new conservation is the removal of all anomaly terms of the original Burgers turbulence at least when we are dealing with the long-range forcing, i.e. ζ = 2. It is noted that for the stirring correlation k µν used here, the third moment of velocity difference behaves as r ξ 3 with ξ 3 = .957 . . . which differs from Kolmogorov's results where ξ 3 = 1. This shows that the fluctuations of density field give an anomalus contribution to the Kolmogorov's law and the deviation in 2 dimensions is greater than 3 dimensions.
The assumption that weak small scale fluctuations (|u| << u rms with r << L) obey Glilean invariant dynamics, meaning that the integral length scale and the single-point u rms can not enter the PDF and it has a scale invariant form. But when |u| > u rms Galilean invariance can be violated in Polyakov's sense, i. e. u rms may enter the PDF, leading to saturation of the scaling exponents ξ n =1 for n > n c = 1, where the value of critical moment number n c depends on the forcing function spectrum [20] . Also the details of large-scale turbulence production mechanism are important, leading to the non-universality of probability density function of velocity difference [14] . In the non-universal region the value of intermittency exponents (ξ n =1) immediately gives α d = d. Equating the values of two-point density correlator exponent in the universal and non-universal regions gives a critical dimension d c = 2.843 . . . where the density fluctuations do not depend on the range of velocity difference. The existance of a critical dimension has also been noted in [8] V. ACKNOWLEDGEMENTS
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VI. APPENDIX
We show that the coefficient a 0 is proportional to | u s | which is zero in homogeneous isotropic turbulence. First of all, plugging ansatz (11) into equation (10) gives a new equation for the generating function of velocity differenceF (rρ ′ , s):
SinceF is a function of rρ ′ = z and s one can rewrite equation (16) as:
The invers Laplace tranform of equation (17) gives the following equation:
whereF ′ (u ′ , s) = 
where:
